The discovery at the LHC of a scalar particle with properties that are so far consistent with the SM Higgs boson is one of the most important advances in the history of particle physics. The challenge of future collider experiments is to determine whether its couplings will show deviations from the SM Higgs, as this would indicate new physics at the TeV scale, and also to probe the flavor structure of the Yukawa couplings. As a benchmark alternative to the SM Higgs, we consider a generic two Higgs doublet model (2HDM) and analyze the precision to which the LHC14, an ILC250, 500, 1000 GeV and a 125 GeV Muon Collider (MC) can determine the gauge and Yukawa couplings. We allow for correlations among the couplings. We include the impact of a Higgs total width measurement, indirectly at the LHC and ILC and by a direct scan at the MC. We also discuss pattern relations among the couplings that can test for singlet or doublet Higgs extensions of 2HDMs.
Introduction
Particle physics is at a crossroads. The long-sought Higgs boson has been found at the LHC, confirming the brilliant prediction that the electroweak gauge symmetry of the Standard Model (SM) gauge theory must be spontaneously broken. This monumental advance is tempered by the absence of evidence at the LHC for new physics that could explain the large hierarchy between the electroweak and Planck scales, which is destabilized by quadratic radiative corrections to the Higgs mass and would require extreme fine-tuning in the absence of new physics. As such fine-tuning runs counter to the philosophy that theory should explain fundamental physics, the SM is presumed to be incomplete. Supersymmetry (SUSY) provides a way out of this conundrum through cancellation of the quadratic SM radiative corrections by corresponding loops involving "superpartner" particles. The absence of LHC evidence for the colored SUSY particles, the squarks and the gluino, has excluded the masses of these particles below the TeV scale and begins to strain naturalness criteria, wherein the necessary cancellations among SM and SUSY contributions to the light-Higgs mass and the Z-boson mass should not be fine-tuned (e.g. Ref. [1] and references therein). However, it is found to be possible to maintain electroweak naturalness with first and second generations quarks of 10 − 20 TeV masses, which also ameliorates a SUSY problem with flavor physics [2, 3] .
Within the minimal supersymmetric standard model (MSSM), the Higgs sector consists of two doublets. In the absence of CP violation, the physical Higgs states are two CP even states, h and H, a CP odd state, A, and charged Higgs states, H ± . For an H mass that is much larger than the h mass, the light Higgs becomes SM-like, the so-called decoupling limit [4] . The existence of H causes modifications in the h couplings, due to their mixing, albeit the corrections are small for heavy H. It is these modifications to the h couplings that would signal the existence of new physics, as discussed recently e.g. in [5, 6, 7] .
Supersymmetry is one of several theoretical models that can tame the quadratic divergences of the Higgs sector or push the UV problem to higher energies. Others proposals include the Little Higgs model and its variants which introduce heavy top-like states and models with extra-dimensions. SUSY is nominally deemed to be the most compelling model, because it explains the convergence of the strong, weak and electromagnetic couplings at the GUT scale as well as the quantum number assignments of the quarks and leptons in 16 dimensional representations of a SO(10) GUT gauge group. Additionally, SUSY provides a WIMP candidate for the cold dark matter (CDM) in the Universe, in addition to the SM CDM axion particle that can solve the strong CP problem. However, as the SUSY particles still await discovery, it is prudent to be open-minded about the eventual theory. Thus, in exploring possible deviations in the Higgs couplings from those of the SM Higgs, we choose a generic 2HDM as a benchmark for comparison of how future colliders can do in detecting deviations from the SM couplings.
Since the light Higgs has been found, it makes good sense to study its properties to the fullest extent possible at future colliders. It is still a possibility, though this may seem remote from the arguments above in favor of supersymmetry, that the particle could be the SM Higgs, a thought that is being entertained. If that is the case, then the Universe seemingly resides in an unstable minimum but with a lifetime that exceeds the present age of the Universe [8] .
It has been conjectured that the SM Higgs mass may be predicted by the vanishing of the Higgs self-coupling and its beta function in the vicinity of the Planck scale, but a solid theoretical justification of these conditions is missing. Also, renormalization group evolution of the self-coupling with present data seems to show that it changes sign at an intermediate scale, O(10 10 ) GeV [8] . The SM Higgs scenario also mandates precision studies of the light Higgs couplings [9, 10] .
New physics may also be probed at the energy frontier, through the direct production of any new physics particles. For example, the discovery of a heavier neutral Higgs, H or A, or a charged Higgs, would immediately show the necessity of an extended Higgs sector. The discovery of squarks and gluinos at LHC14 would likewise point to the existence of additional Higgs states [11] . Low energy measurements, such as rare B-decays, that could be found to deviate from SM predictions, are another probe (c.f. Ref. [12] ). These are complementary to a precision study of the light Higgs that we pursue here.
As mentioned above, it is useful to introduce a benchmark new physics model for comparisons with future data and we select a generic 2HDM for this purpose [13, 14, 15, 16] that does not conflict with other associated new physics that may or may not exist. The model is chosen such that the couplings of the quarks to the Higgs doublets are aligned to eliminate dangerous flavor-changing neutral currents at tree-level. The scenario encompasses the traditional types of 2HDMs, namely Type I, Type II, lepton-specific, and flipped models; the SUSY model is Type II. The model provides an encompassing framework to analyze forthcoming data. Our study is independent of new physics that may be uncovered in other ways. Previous studies on various 2HDMs in light of the LHC Higgs discovery may be found in Refs. [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] . The model does not in itself solve the quadratic divergence problem of the SM, for which additional new physics is also needed.
There are two ways that the 2HDM can be used in analyses of future data on the light Higgs with machine-specific anticipated measurement uncertainties as inputs. One is to exclude regions of modified couplings, which is the approach of our current study. The other is to assume a particular measured value and determine how well it can be distinguished from the SM value. Although the latter gives a positive slant in the discovery of new physics effects, it requires advance knowledge of the couplings for which the new physics may be manifest. In our study we make no assumptions about the origin of loop corrections that lead to the observed light Higgs boson mass. We treat all couplings at tree-level, which is reasonable for the light Higgs since its tree-level couplings are not small. We do not consider triplet or larger Higgs representations in our comparative study [33] , nor do we explicitly consider the constraints of the heavy Higgs scalars, for which a treatment has been recently given [34] . Our analysis does take into account the multi-dimensional parameter space of couplings and their simulated experimental correlations.
In Section 2, we present the fit technique we adopt. In Section 3, we present the results of fit to the LHC and Tevatron data assuming a general model with freely varying Higgs couplings, while in Section 4, we show the fit for the various flavors of 2HDMs. In Section 5, we discuss the added benifit of measuring the Higgs width, while in Section 6, we show how one may distinguish the mixing of additional SU (2) doublets and singlets. Finally, in Section 7, we conclude and summarize our results.
Simulation and Fit Technique
To arrive at the model predictions, we utilize a Markov Chain Monte Carlo (MCMC) approach that is efficient for scanning parameters with high dimensionality. While the MCMC approach is Bayesian in nature, we extract the 1σ and 95% C.L. regions consistent with the Frequentist approach. In this regard we are simply using the MCMC as a tool to optimally search the parameter space for points lying near the bottom of the χ 2 profile. We determine χ 2 min , the minimum χ 2 for each scenario, then define the 1σ and 95% C.L. regions with a ∆χ 2 = χ 2 − χ 2 min = 2.3 and 6.0, respectively, for a two parameter fit. We fit the LHC data as of August 2013 following the methodology of Ref. [35] , and have verified it provides good agreement with the fits from the ATLAS and CMS collaborations [36, 37] . Other global Higgs fits have been made in the literature, but with different methodology and data inputs [38] . Our method involves separately varying κ V , κ u , κ d and κ ℓ , the parameters that modify the SM Vector Boson and Yukawa couplings, respectively. From these coupling scalings, the values of κ γ and κ g can be calculated within the 2HDM. We assume a sufficiently heavy charged Higgs such that the γγ rate is not significantly affected by it. In Appendix A, we show the values included in our fit from Tevatron [39] August-2013 . These data can be distilled into the following measurements on µ prod (XX), the production cross section of the Higgs boson decaying to XX scaled with respect to the SM:
where the low precision Tevatron measurement of µ pp (γγ) is from for the inclusive h → γγ rate. These measurements are compared with their SM expectations in Fig. 1 . We include projected LHC sensitivities at √ s = 14 TeV for 300 fb −1 and 3 ab −1 , denoted as LHC300 and LHC3000, respectively, according to the uncertainties on signal strengths given in Ref. [54, 55] . For the ATLAS projections, we include the theory systematics [54] . For the CMS projections, we use "Scenario 2", which extrapolates the analyses of 7 and 8 TeV data to 14 TeV assuming the theory uncertainties will be reduced by a factor of 2 while other uncertainties are reduced by a factor of 1/ √ L [55].
Since the CMS signal-strength projections are not separated by production mode, we assume inclusive production for all decay modes except bb, which we assume proceeds via W/Z-Higgsstrahlung. This neglects the preferential weighting of clean but rare signal event categories in the multivariate signal strength analyses when high statistics are available. It also means that we lose the information on the relative strengths of different Higgs production modes that is available in a full analysis but is not provided by CMS [55] . We show in Table 1 the LHC uncertainties that we adopt for the two luminosity benchmarks.
The CMS collaboration also provides projections for the uncertainties on seven individual Higgs couplings κ W , κ Z , κ u , κ d , κ ℓ , κ γ , and κ g . However, implementing these directly into our fit neglects the important correlations among the couplings. Ideally, the experiments would provide the full covariance matrix for this coupling extraction. Since this information is not public, we choose to proceed using the signal strengths as described above. We remark that our fit yields uncertainties on the Higgs couplings κ V , κ u , κ d , and κ ℓ (see Table 3 ) that are slightly larger than those quoted by CMS for their seven-coupling extraction [55]. 
Experiment
Channel 300 fb
The coupling uncertainties at an ILC operating at 250, 500 and 1000 GeV with integrated luminosities of 250, 500 and 1000 fb −1 , respectively, are obtained by each experiment from the cross section uncertainties for the various final states in [57] . The beam polarizations can be tuned to emphasize the physics process in question. For Higgs measurements, at 250 and 500 GeV, the beam polarizations are assumed to be (e − , e + ) = (−0.8, +0.3), while at 1 TeV, the polarization is (e − , e + ) = (−0.8, +0.2). At 250 GeV, the ILC will be well positioned to produce Higgs bosons copiously and therefore will obtain a direct measurement of the total Higgs production rate via Z Higgsstrahlung to an accuracy of ≈ 2.5% [58, 57] . With higher energies, the Vector Boson fusion cross section grows, and becomes the dominant Higgs production channel above √ s 400 GeV [57] . Therefore, at √ s = 500 GeV and 1 TeV, an independent accurate measurement of the Vector Boson coupling strength can be made. We show these uncertainties in Table 2 .
The Higgs width may be measurable at a γγ collider, with uncertainty of 8% [59] . In a µµ collider, the accuracy on the total width can be improved to 3.6% under default design 6 Table 2 : Projected sensitivities by channel for the ILC operating at √ s = 250, 500 and 1000 GeV with a corresponding integrated luminosity of L dt = 250, 500 and 1000 fb −1 , respectively. From Ref. [56, 57] .
assumptions [72] . We discuss the impact of the total Higgs width measurement on the determination of the 2HDM in section 5.
General Fit
Before discussing the specific 2HDM that we will adopt, we present the general fit to simulated data. We assume the Higgs-like boson h observed at the LHC is a linear combination of the neutral CP-even components of the two SU (2) doublets Φ 1,2 , in which Φ 1 has Y = −1 and Φ 2 has Y = 1. We assume that the Vector Bosons couple to the Higgs boson in a way that is consistent with custodial symmetry:
To unitarize longitudinal Vector Boson scattering in the case of one Higgs doublet , κ V = 1. Generally, with additional doublets or singlets, κ V ≤ 1. However, larger representations may allow κ V > 1. Unitarization in either case is achieved through the Higgs states. Since we have no strong constraints on the heavy Higgs bosons that would unitarize scattering, we allow the value of κ V to float in our fits.
Likewise, we assume each fermion has a coupling that is independent, but maintain generation universality, such that the neutral CP-even portion of the Yukawa Lagrangian is
where the SM Yukawa coupling is y f = √ 2m f /v, where v = 246 GeV.
The loop-induced gluon and photon couplings are given by the known functions F j [60] . At leading order, the CP-even hγγ effective couplings are given by
where for each loop particle j, N cj is the color factor, Q j is the charge, and τ ij = 4m 2 j /M 2 h . The gluon amplitude is similar, but it contains only the quark loop [60] . For the general model, we assume no further contributions to these loop induced couplings. 1 We fit a cross section extracted from measurement with respect to the SM expectation by assuming
where the first factor accounts for the cross section scaling and other factors account for the modifications in the branching fraction of h → XX. At the LHC, for the inclusive production modes, we sum over the gluon fusion and Vector Boson fusion contributions:
where ǫ gg is the gluon fusion fraction of the inclusive rate. We adopt the value for M h = 125 GeV of ǫ gg = 0.92 for both 7 TeV and 14 TeV [62] . We neglect the W/Z-Higgsstrahlung process as it is quite small. The scaling factors κ g and κ V account for the gg and W W or ZZ couplings, respectively.
For Vector Boson fusion and W/Z-Higgsstrahlung initiated production, In Fig. 2 , we show the 1σ allowed regions in the plane of selected couplings, for the various collider assumptions as given above. In addition to the fit of the current LHC results, we perform a fit to simulated future data under the assumption that no deviation from the SM expectation will be found. The coupling uncertainties are generally O(10%) or smaller as seen in Table 3 . We consider points where the underlying model lies outside these regions to be more than 1σ from the SM result. In these scenarios, we consider only the region in which κ u , κ d , and κ ℓ ≥ 0. While Yukawa couplings of opposite sign are possible, the top quark Yukawa is typically taken to be positive. In this case, any destructive interference occurs from κ d and κ ℓ , which imparts a shift of only O(0.1%) to the coupling.
We note that the LHC Run-1 data prefer the κ γ > 1 region due to the higher γγ rate. This feeds into the estimation of κ u , which is preferred to be κ u < 1 to suppress of the destructive interference in the t and W mediated h → γγ loops. This is also somewhat afforded by the slightly lower κ g value via the gg → h → V V rate.
In Fig. 3 , we show the Yukawa coupling ratios, κ d /κ u and κ ℓ /κ u , associated with each collider at 1σ and 95% C.L. Deviations from the SM (1, 1) indicate a model that has nontrivial flavor structure. We will discuss a class of 2HDMs that have these features.
Two Higgs Doublet Models
We work within a 2HDM framework that allows both doublets to couple to down quarks and charged leptons with aligned couplings [13, 14, 15, 16] . As previously mentioned, the doublets are denoted by Φ 1 , which has Y = −1, and Φ 2 , which has Y = 1. With this notation in hand, we adopt the following parameterization of the Yukawa Lagrangian:
in which Φ 1,2 ≡ −Φ * 1,2 iσ 2 , and γ ℓ and γ d parameterize the two Higgs doublet couplings to charged leptons and down quarks, respectively. This general model can be mapped to the traditional 2HDMs via the angles specified in Table 4 respect to the SM can then be written generally as
where tan β = v 2 /v 1 is the ratio of the doublet vacuum expectation values. Specific values for the traditional 2HDMs are given in Table 5 . Table 5 : Yukawa couplings of the fermions to the lightest Higgs with respect to the SM for traditional 2HDMs.
We pause to note that while our parametrization is similar to that of [16] , we have chosen here to work in a different basis because it facilitates the comparison to the conventions adopted in much of the previous 2HDM work, including [5] . More precisely, it is well known that one can use a U (2) transformation to select a specific basis for the two linearly independent Higgs states (see e.g. [63] for a comprehensive discussion). The basis chosen in [16] is one in which the mixing angle for the lepton couplings was set to zero, such that both up-type and down-type quarks couple to both Higgs doublets with nontrivial mixing angles γ ′ u and γ ′ d , respectively (note that in this basis, the Type I model necessarily has all fields coupling to Φ 1 rather than Φ 2 , and the flipped model also has Φ 1 and Φ 2 interchanged). Our basis is related to the basis Φ ′ 1,2 of [16] via the transformation Φ 1,2 = cos γ ℓ Φ ′ 1,2 − sin γ ℓΦ ′ 2,1 . Note that the basis-dependent parameter tan β differs for the two cases: our tan β is related to the tan β ′ of [16] via tan β = tan(β ′ − γ ℓ ). Of course, the physics is independent of any specific basis choice.
We now trade the mixing angle α for the decoupling parameter δ ≡ cos(β−α), which parameterizes the coupling of the heavy CP-even Higgs to electroweak Vector Bosons as
This replacement allows us to write the Yukawa couplings as
where θ V = sin −1 δ; in the limit of δ → 0, the SM Higgs doublet coupling is recovered. For the traditional models, we show in Fig. 4 the 1σ regions that are consistent with current LHC data along with projected sensitivities at LHC14 with 300 fb −1 of integrated luminosity and with the future ILC scenarios. The 95% C.L. regions are presented in Fig. 5 . The current LHC exclusion regions and the projections to 300 and 3000 fb −1 agree with those of Ref. [34] . The curved branches extending from the decoupling region with cos(β − α) > 0 correspond to points where κ d and/or κ ℓ flip sign. This affects the cross sections measurable at the LHC in a small way, and may probed at the ILC.
Distinguishing various flavors of 2HDMs can be done via the Yukawa coupling ratios. For example, using the above relations, we find the coupling ratios that deviate from the SM do so in the following manner for 2HDM-II near the decoupling limit, δ → 0:
These limits are shown in their exact form, for each model, in Fig. 6 for fixed tan β and in Fig. 7 for fixed δ. Any model parameter deviations from those shown in these figures can be extracted using Eq. 17. The model expectations are overlain on the 95% C.L. regions from the general Yukawa coupling fit described in Section 3. The coupling of a fermion to the "wrong Higgs" may occur in some models. For instance, in the MSSM, the loop induced coupling of the up Higgs doublet to the bottom quark can be induced via loops of gluinos, squarks and higgsinos [64, 65, 66, 67, 68] . The bottom quark mass is shifted according to In the presence of these corrections, the bottom Yukawa coupling becomes
Note that in the decoupling limit, the additional contributions vanish (c.f. Eq. 17). Given the present exclusion limits from the LHC on sparticle masses, the value of this wrong Higgs coupling is suppressed, but O(1) corrections are still possible. Indeed, one can extract the shift in the bottom coupling from,
Observe that the correlation in the Yukawa coupling ratios is strongest in the κ d /κ u ≈ κ ℓ /κ u direction. As a result, there is sensitivity to deviations off the 2HDM-II line shown in Fig. 8 , indicating a sensitivity to such a loop-induced wrong Higgs coupling. 
Width Measurements
The Higgs boson width can be measured indirectly at the LHC via comparison of its relative production and decay rates. However, this assumes that the Vector Boson coupling cannot be much larger than that given by the SM, typically κ V < 1.05 [69, 70] . This is motivated by two arguments: (i) Unitarity within doublet models requires that κ V ≤ 1. The limit is relaxed in fits to allow for measurement uncertainties.
(ii) Without an absolute cross section measurement, there exists a flat direction in general fits if one allows the total width to float. At the ILC, this coupling can be directly determined from the Z-Higgsstrahlung cross section measurement. Therefore, the Higgs width can be inferred via comparison of the measured production cross sections relative to that of σ Zh .
We perform two fits that allow parameters κ V , κ u , κ d , and κ ℓ described in Section 3, along with an additional new physics decay width, Γ X , to vary. The total width, Γ h is computed from the SM partial and new physics widths as follows
One fit requires κ V < 1.05, while the other is without this restriction. In Fig. 9 , we show the 2d regions of Γ h , scaled by the SM value, and Γ X for various machine assumptions at the 95% C.L. Similar results of the 1d ∆χ 2 fit are presented in Table 6 . Table 6 : Width measurement uncertainties at the 1σ from a 1d fit over κ V , κ u , κ d , κ ℓ and Γ X , the new physics decay width, for the collider benchmarks assuming the absence of nonstandard decay modes. We assume κ V < 1.05 for only the LHC, and lift this restriction for the ILC and MC benchmarks. At a future muon collider (MC), a scan over the line shape of the Higgs resonance will quickly discover the Higgs boson. The line scan can also directly determine the total Higgs width. Depending on the luminosity delivered in each step of the resonance scan, the MC is anticipated to have a 3.6% uncertainty with the default configuration, Ldt = 0.05 fb −1 per step with 20 steps over a 60 MeV energy range, assuming a beam energy resolution of 0.003%. The uncertainty shrinks to 2% with a four-fold increase in luminosity per step [71, 72, 73] . Similar scans for the associated heavy states can provide a wealth of information [74] .
Testing for additional doublets and singlets
The so-called pattern relations of the measured couplings scaled with respect to the SM are defined by [75, 76, 77] 
If additional singlets intermix with the Higgs doublet responsible for electroweak symmetry breaking, P ij = ξ < 1, where ξ parameterizes the level of singlet mixing [77] . However, in the case of additional SU(2) doublets that do not partake in fermion mass generation, the value of ξ can exceed unity. In Fig. 10 , we show the pattern relations P ul for the general model. Near the SM limit, the pattern relations are highly correlated. Therefore, we only show P ul .
Singlets
Assume a singlet scalar, S, mixes with Higgs doublets such that
where h ′ = cos α φ u − sin α φ d corresponds to the lightest Higgs boson in a 2HDM. As the SU (2) content of the Higgs boson is suppressed, the couplings to SM fields, and therefore the pattern relations, are reduced by a common factor, ξ = cos 2 θ. This reduction is in addition to the usual φ u − φ d mixing (and therefore the reduction for gauge bosons κ V = cos(β − α)). The reaches for various collider scenarios are given in Fig. 11 . The sensitivity to sin θ is slightly worse than cos(β − α) for the ILC. This is due to the measurement of cos(β−α) coming from the measurement of relative rates, while the sin θ parameter controls the absolute event rate. Therefore, only the ILC Zh cross section measurement can limit the value of sin θ, whereas all other measurement help limit the value of cos(β − α). For example, the ILC operating at 250 GeV would, restrict sin θ 0.14 or cos(β − α) 0.1 at the 95% C.L.. 
Doublets
A 2HDM mixing with a third scalar doublet that does not couple to fermions poses an interesting scenario. Generally, the pattern relation P ij can be greater or less than 1. The observed Higgs boson can be written as
where φ 0 is the SU (2) doublet that does not couple to fermions, but may participate in EWSB. As a consequence, the new doublet may contain an extra VEV, φ 0 = v 0 = sin Ω v SM , that contributes to W and Z boson masses. The couplings then take the form κ V = cos θ cos Ω sin(β − α) + sin θ sin Ω, (27) 
where
is a common scale factor for all Yukawa couplings.
The 2HDM limit is retained when θ, Ω → 0. Note that the SM limit also occurs when θ → Ω and δ → 0. Near the 2HDM and decoupling limits, one can expand the pattern relations about δ and ∆ Ωθ = Ω − θ to second order,
where the trigonometric functions are denoted by s, c, t with argument specified by the subscript. The decoupling line can be seen in Fig. 12a for cos(β − α) ≡ δ = 0, the shaded regions correspond to machine benchmark sensitivities with data assumed to have SM central values. In this instance, the choice of γ d and γ ℓ do not impact the reach in the θ, Ω plane. However, once cos(β − α) = 0, the choice of γ d,ℓ and tan β alter the contours. In Fig. 12(b-d) , we show these cases for select parameters within the 2HDM-II with an extra doublet. Similar features are present for the other models. The bifurcation of the contours in these cases is driven by the δ∆ Ωθ term in Eqs. (32) (33) (34) . For sufficiently large values of tan β, the O(δ∆ Ωθ ) term dominates and provides a shift
which shifts the pattern relation values and leads to the excluded regions along the Ω = θ line. Note in the tan β = 1 case (Fig. 12d) , higher order terms dominate. It is also worth noting that an excluded region of moderate θ = Ω is possible at the ILC and, depending on the parameter choices of tan β and cos(β − α), the LHC. Therefore, the existence of additional doublets may be probed at LHC14 and ILC. 
24
We make the following projections for distinguishing 2HDMs from the SM with LHC, ILC or Muon Collider data. The numbers quoted below are based on a 1d parameter ∆χ 2 fit, while the figures referenced below correspond to a 2d parameter fit unless otherwise specified. 2 We summarize the capabilities of each machine benchmark in Fig. 13 for the general model, the decoupling value cos(β−α) in 2HDMs, and a metric we call the "Distinguishing Power". We define the Distinguishing Power as
where A 1σ is the area of the 1σ uncertainty region in a given parameter plane. The distinguishing power encapsulates the total uncertainty in the parameter plane and is related to the geometric mean of the principal axes of an error ellipse, but is more generally applicable. Note that while this metric does not retain correlation information, it serves as a figure of merit when comparing the capabilities of various machine benchmarks.
• The measurement of Yukawa coupling ratios tests the Higgs flavor structure. Specifically, the LHC at 300 fb −1 (3 ab −1 ) can measure the coupling ratios of κ d /κ u and κ ℓ /κ u to 6% and 9% (3% and 7%). The ILC 250, 500, 1000 can measure these ratios to 4%, 2% and 1.5%, respectively. Fig. 3 gives the regions consistent with SM values in the planes of κ d /κ u and κ ℓ /κ u . The distinguishing power, DP , between two machine benchmarks is related to the geometric mean of the principal axes length in the 1σ error region for a specific parameter plane (c.f. Eq. 36). For flavor non-universal couplings (i.e. in the κ d /κ u vs. κ ℓ /κ u plane in Fig. 3a) with the machine benchmarks we consider, it proceeds in the successive order: DP = 0.35, 0.10, 0.059, 0.037, 0.021, and 0.015 for the LHC Run-I, LHC300, LHC3000, ILC250, ILC500, and ILC1000, respectively. The values of DP for various parameter planes are shown in Fig. 13c .
• The "wrong Higgs" couplings, those which exist only at the loop level and are induced via loops that may include new physics, can occur in 2HDMs. These are manifest as shifts in the b and τ Yukawa couplings and can be easily probed at a future ILC. Fig. 8 shows the effects of the shift in the b Yukawa in the κ d /κ u and κ ℓ /κ u plane for the machine benchmarks.
• The total Higgs width can be inferred at the LHC if we restrict κ V < 1 to be consistent with unitarity in models containing doublets and/or singlets as shown in Fig. 9b . The ILC250 can measure the total Zh production cross section, thereby fixing the normalization of κ V and thus constraining the total Higgs width: see Fig. 9c . This amounts to being sensitive to new physics contributions to the Higgs decay of Γ X 0.25 MeV at the 95% C.L..
2 Recall that the ∆χ 2 fits for a 1d parameter fit require ∆χ 2 = 1, while for a 2d fit ∆χ 2 = 2.30. • A Muon Collider scan over the Higgs resonance profile is the only way to directly measure the total Higgs width. This is anticipated to yield a < 4% uncertainty in the width [72] . In turn, this provides sensitivity to new physics decays contributions of Γ X 0.11 MeV at the 95% C.L. (c.f. Fig. 9c ).
• Since the h → bb rate is a substantial portion of the total Higgs decay width, an improvement in the κ d measurement can be made at a Muon Collider operating on the Higgs resonance. To a lesser extent this is true of the κ ℓ extraction as well.
• Consistency of the Higgs boson couplings with the measured W and Z boson masses can be probed to remarkable precision. In the Type-II, L and F models, the vector boson coupling can be measured down to κ V = cos(β − α) ∼ 0.4% at ILC1000, via the Vector Boson coupling measurements. For the Type-I model, it can be measured down to 8%.
• Additional singlets reduce the gauge and Yukawa couplings, while extra doublets can reduce or enhance Yukawa couplings. Pattern relations among the gauge and Yukawa couplings can help establish the underlying model [77] . Therefore, the future LHC and ILC data are well positioned to further probe and distinguish these mixing scenarios. The singlet mixing can be constrained to the sin θ ∼ O(0.1) level with the ILC1000 benchmark, (c.f. Fig. 11 ).
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A Higgs Measurements
The combined CDF and D0 data on inclusive Higgs production, based on 10 fb −1 integrated luminosity, give the best fit values in Table 7 at a Higgs mass of 125 GeV. The CMS and ATLAS data on Higgs signals with integrated luminosity of 17.0 − 25.5 fb −1 lead to the best fit values summarized in Tables 8 and 9 . 
